The frequency estimation method of common-item equipercentile equating uses the bivariate distributions of common and noncommon item scores for the test forms to be equated (Braun & Holland, 1982) . Smoothing the bivariate distributions of common and noncommon item scores before applying the frequency estimation method has been suggested as a way to improve the performance of this method (Rosenbaum & Thayer, 1987) .
The frequency estimation method of common-item equipercentile equating uses the bivariate distributions of common and noncommon item scores for the test forms to be equated (Braun & Holland, 1982) . Smoothing the bivariate distributions of common and noncommon item scores before applying the frequency estimation method has been suggested as a way to improve the performance of this method (Rosenbaum & Thayer, 1987) . Livingston and Feryok (1987) investigated the effectiveness of log-linear model bivariate smoothing (Holland & Thayer, 1987 Rosenbaum & Thayer, 1987) in the frequency estimation method of common-item equipercentile equating. They concluded that smoothing could result in more accurate equating than not smoothing. A significant limitation of the Livingston and Feryok study is that the results were based on only 12 simulated samples (three for each of four sample sizes considered).
Two methods of bivariate smoothing were examined here. These methods-log-linear model bivariate smoothing and a bivariate smoothing method based on the four-parameter beta binomial model (Lord, 1965) -may be useful in frequency estimation common-item equipercentile equating. The relative performance of these two methods was investigated using two datasets. The performance of the smoothed equipercentile (SEP) methods was compared with linear methods of common-item equating (Kolen & Brennan, 1987 (Braun & Holland, 1982) ~(y) w P(I < y) and FX,(x) = P(X, < x). All percentiles of the distribution of transformed scores on the new form (transformed using the equipercentile equating function) and the distribution of scores on the old form would be equal in the synthetic population.
Because X, and Y, are discrete random variables, the equipercentile equating function is not defined (Fy, is a step function so that FYs' is not defined). Holland and Thayer (1989) (Braun & Holland, 1982) Rosenbaum and Thayer (1987) suggested using log-linear models to smooth the bivariate distributions needed for equipercentile equating in the common-item equating design. These log-linear models are discussed by Holland and Thayer (1987) and Haberman (1974 (Agresti, 1990; McCullagh & Nelder, 1989) . Maximum likelihood estimation of models such as that in Equation 10 is also discussed in Holland and Thayer (1987) .
Four-Parameter Beta Binomial Model Smoothing
The four-parameter beta binomial model is a strong true score model (Lord, 1965 Lord, 1965) is that estimated under a model for two test parts given by Feldt (1975 (Lord, 1965, pp. 265-267) that is needed for the two-term approximation to the compound binomial distribution. The estimated reliabilities used to obtain the values of Lord's k in Population 2 were obtained in a manner analogous to that described for Population 1 by substituting V2 for g, HZ for G&dquo; and Y for X,. An estimate of the bivariate distribution of equating and nonequating item scores was obtained using a method presented by Lord (1965) . It was assumed that the true scores of the equating and nonequating item scores were functionally related (i.e., the equating and nonequating item sets were measuring the same construct), and that conditioned on true score, the equating and nonequating item score random variables were independent. Under these assumptions, the probability that the nonequating item score random variable for Population 1 (G,) is equal to i (i = 0, ..., Kneq) and the equating item score random variable for Population 1 (tf) is equal to j (j = 0, ..., KeQ) can be written as where gi(T) is the nonequating item true score density for Population 1 and W(i) is the function that gives the equating item proportion-correct true score as a function of the proportion-correct nonequating item true score. An equation analogous to Equation 16 for the bivariate distribution of //2 and Vz is given by replacing G, with H2, V, with Ji, and gl(T) with g2(i).
The integral in Equation 16 was evaluated using 64-point Gauss-Legendre quadrature (Thisted, 1988 [f, u - .01(u -~)], [u -.01 (u -~), u -.0001(u -P)], and [u -.0001(u -~) , u].
When both shape parameters were less than 1, the region of integration was broken into five subintervals. 64-point Gauss-Legendre quadrature was performed for each subinterval separately, and the results summed. The five intervals of integration were [f, .0001(u - (Kolen & Brennan, 1987) , the Levine Equally Reliable (LER) method (Kolen & Brennan, 1987) , and the Levine Unequally Reliable (LUR) method (Angoff, 1982, section Figure 2 shows the equating functions for equating the New Form to Old Form 1 as estimated using the eight equating methods, based on the examinees who took the New Form and the examinees who took Old Form 1. Very few examinees received scores in extremes of the distribution (especially the lower extreme). For instance, 99% of the examinees who took the New Form had scores between 37 and 83 (see Figure 1) . Figure 4 shows that the poor performance of UE equating was largely due to the very large values of MSE for scores that were a moderate distance from the mean score. Figure 5 shows similar results for the New Form to Old Form 2 equating. In Figure 5 , the shapes of the MSE functions are different for the Levine methods than for the other methods. For N = 1,000, the highest values of MSE for the Levine methods were for scores near the mean score (which represents the bias in the Levine methods that can be seen in Figure 3 ).
Discussion
The results provide evidence that smoothing the bivariate distributions of equating and nonequating (Brennan, 1990) . The poor performance of the Levine methods may have been partly due to these assumptions not being well met for the data used. In addition, the LUR method is a true-score equating method that attempts to meet a different equating criterion than the observed-score equating criterion used here (Hanson, 1991b (1987) reported that smoothing of bivariate distributions resulted in more accurate equipercentile equating in the common-item equating design using a college placement test. The results in the present study and results reported by Livingston and Feryok (1987) indicate that bivariate smoothing can be effective in common-item equating for two different types of tests. These results suggest some promise that bivariate smoothing may be effective in practice for other tests. It is likely that an important factor in the performance of the smoothed equipercentile methods in practical situations is the appropriateness of the models used for smoothing. In using any of the smoothed equipercentile methods, the fit of the model used for smoothing to the bivariate distributions of equating and nonequating item scores should be evaluated. An important condition for using a smoothed equipercentile method in practice would be that the model used for smoothing fit the data fairly well. Assessment of model fit may involve formal tests of model fit (X2 goodness-offit statistics), and informal analyses of model fit such as residual analyses and various graphical displays (e.g., fitted versus observed frequencies for marginal distributions of common and noncommon item scores; fitted versus observed frequencies for conditional distributions of noncommon item score conditioned on common item score; or fitted versus observed conditional mean, standard deviation, skewness, and kurtosis of noncommon item scores as a function of common item score).
The results of this study and practical experience with data from several testing programs indicate that the log-linear model and the four-parameter beta compound binomial model often provide an adequate fit to observed bivariate distributions of test scores. The log-linear model has an advantage over the four-parameter beta compound binomial model in that it can potentially fit a wider class of bivariate distributions. A cost involved in this greater flexibility is that a model selection process and select the simplest model that fits the data adequately. Haberman (1974) discussed model selection for models such as those given in Equation 10 . Agresti (1990, Chapter 7) discussed some general methods for selecting log-linear models.
The process of selecting a log-linear model could introduce errors that were not included in the present simulations. For example, Hanson (1990) equating using any method of equating (i.e., the bias that results by not equating would be less than the random error that would be introduced by equating). Kolen and Jarjoura (1987) present a postsmoothing method of equipercentile equating using cubic splines for the common-item nonequivalent groups design. Future research should compare the performance of the postsmoothing method using cubic splines to the presmoothing methods studied here.
